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A cage model is used to calculate the shear viscosity 5, and the thermal conductivity
« for insulating monatomic liquids and for liquid alkali metals. Three empirical
laws: (i) 5y o (1/+/T) for liquid alkalis; (ii) «/n, ~ constant for Rb and Cs respectively;
(iii) (y/ns) ~ kT /M for liquid alkalis at the melting temperature 7,,, where y is the
surface tension and M the ionic mass, are naturally explained.

Keywords: Viscosity; Thermal and electrical conductivity; Surface tension

I. INTRODUCTION

The investigation of the transport properties of dense fluids such as
viscosity and thermal conductivity and their mutual relationship has
a long history. The Chapman—Enskog method solved similar problems
for gases with satisfactory accuracy [1]. But for liquids, some important
problems remain unsolved. From the Liouville equation of non-
equilibrium statistical mechanics, Kirkwood, Born, Green and others
obtained an explicit formulation of the fluxes of conservative quantities
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in terms of the intermolecular forces and the non-equilibrium pair
distribution function [2]. However, the method remains difficult to
apply and only very few calculations have been carried out to date.

Various models have been suggested to obtain useful results in con-
crete situations. More than sixty years ago, Eyring et al., applied the
theory of absolute reaction rates to various transport coefficients [3].
The central idea of the Eyring model is most obviously reflected in
their derivation [3] of the shear viscosity. The work done by the external
force on the liquid decreases (increases) the activation energy of atomic
jump along (reverse) the external force direction. These changes in acti-
vation energy influence the jump rates in the two inverse directions.
The momentum transferred to the second layer of the liquid from the
first layer is implicitly represented in the expression of the molecular
velocity through the atomic jump rate. However, they did not use
this idea thoroughly. For instance to derive thermal conductivity,
they used the sound velocity and the mean free path in the liquid in
the corresponding places in the expression for the thermal conductivity
of a gas. In this way the energy transferred by the molecular force field
is only partly taken into account. Nevertheless, the Eyring model has
been widely applied to organic liquids, liquids of inert elements and
to liquid metals.

More recently, Zwanzig and others thought of (i) the configuration
space of a many-body system as being divided into “‘cells”, each one
associated with a local minimum on the system’s potential energy
surface, the configuration of liquid remaining in one of these cells for
a time, performing approximate harmonic oscillations about the local
minimum, until it suddenly finds a saddle-point or bottleneck on the
potential surface and jumps to another cell; (ii) the volume of the
entire system consists of a number of equivalent sub-volumes. One
effect of a cell jump is to rearrange the equilibrium positions of the
particles in a particular sub-volume while the equilibrium positions
of the remaining particles are unchanged (We will refer to these two
assumptions as a cage model) [4,5]. Zwanzig used this model and
another two assumptions to estimate the self-diffusion coefficient
Dy s through considering the auto-correlation of the molecular velocity
[4]. The cage model can be regarded as a generalization of the early
cell model relating to equilibrium phenomena (for a brief review see
pp. 271-293 of [2]) to transport properties.
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By introducing a transit parameter to characterize the ionic transi-
tion probability and the correlation of two successive jumps, Wallace
suggested a two-parameter formula for Dy in the cage model, which
works well for the simple sp metals (Hg and In are two exceptions)
[5]. With the help of Wallace’s formula, March and Tosi related
Dsairns/ksTpl/? to this transit parameter at the melting point 7,
where 7, is the shear viscosity and p,, is the number density [6].

From an experimental viewpoint, three puzzles that remain are (i) the
shear viscosities of liquid Na, K, Rb, Cs universally collapse on to a
common curve and are proportional to the inverse square root of
temperature over a wide temperature range (Fig. 2 of [7]); (ii) the
ratio of thermal conductivity to the shear viscosity for both Rb and
Cs is nearly constant over a wide temperature range (Table 11.2 of
[8); (Gii) v/ns ~ VKaTw/M [9] or y/n, ~ 9% [7,10] for simple
metals, where T, is the melting temperature, y is the surface tension
and M is the ionic mass.

Stimulated by these experimental findings (i) to (iii) above, in this
article we further explore the consequences of the cage model.
Making use of energy barrier height E, as the single parameter, the
waiting time ¢,, which determines all transport coefficients, is given in
Section II for insulating liquids. E, can easily be extracted from
available experimental data for one thermodynamic state (7,p)
(Section II1.C). With the help of the cage model, the molecular force
field contribution to the transport coefficients [2] is formulated by
means of a work-energy principle. Results for these transport coeffi-
cients are explicitly expressed in terms of ¢,. We compare our results
with Eyring’s; the difference between the two physical pictures is
specifically discussed in Section II.C and Section II.D. Liquid alkali
metals are composed of ions and electrons. Therefore the long-range
Coulomb force between charges and screening effects introduce essen-
tial corrections into the waiting time #,, and the sound velocity vsoung.
Section III discusses the transport coefficients of liquid metals.
Besides the force field contribution to the shear viscosity, the electronic
contribution to thermal and electrical conductivity must be treated.
The mean free path of an electron is derived in an Appendix. The three
empirical laws for liquid alkalis mentioned in the previous paragraph
are naturally derived from the cage model. Our aim throughout is to
expose the key characteristic physical parameters needed to estimate
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the order of magnitude of the transport coefficients. It is a task for the
future to make the resulting formulae fully quantitative.

II. MONATOMIC INSULATING LIQUIDS

In this paper we restrict ourselves throughout to monatomic liquids
such as Ar or Na. The generalization to diatomic molecules, poly-
atomic molecules or long chain organic liquids seems to pose no
major difficulties. Let us consider first a monatomic insulating liquid
such as Ar. We denote its atomic mass by M. Let d/2 be the atomic
scattering length in the liquid or the radius of hard sphere in a rigid
sphere model, and then the scattering cross section between two
atoms will be of order 7d>.

We denote the number density of atoms at temperature 7 and
pressure p as p,(7T, p). In the following it is convenient to take (7, p,)
as independent variables rather than (7, p). However, since most
experimental data are measured at specific values of (7, p), we need
the corresponding density p,(p, T) to compare theoretical results
with such experiments. The mass density p,, = M p,, is also a quantity
frequently used. When the number density is p,, the average dis-
tance r between two nearest-neighbor atoms is about d +[1/0,—
(4/3)m(d /2.

A. Energy Barrier Height E,

According to the cage model of a liquid [4,5], a cage is to be visualized
as an environment around the considered atom with approximately
spherical symmetry, each atom in a liquid being surrounded by a
cage of nearby atoms for a waiting time ¢,. To leave such a cage,
the considered atom must overcome an energy barrier of height Ej.
The most difficult point in the transitional process is the moment
that the escaping atom passes between two adjacent atoms in the
wall of the cage and inserts itself into the space between these two
‘wall’ atoms. Therefore, the barrier height Ej is mainly determined
by two factors: (i) the excluded-volume effect of the atom itself and
(i) the attraction produced by the surrounding atoms when the con-
sidered atom wants to move. The excluded volume effect of atom
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depends on the ratio 2,/ 2 of the atomic volume 2, = (4/3)7(d/2)*
to the free volume Qy =1/p, — (4/3)71(d/2)* and the polarizability
a which describes how difficult it is to deform the atomic outer shell
electron cloud, roughly speaking El(f) o< (R4/2r)/ . El(ji) is a function
of p,(T,p) and the atomic polarizability «. The factor (ii) for
monatomic insulating liquid is the van der Waals force and is usually
proportional to the instantaneous coordination number. However, for
some liquids, hydrogen bonds between molecules and/or dipole—dipole
forces are also involved. The contribution (ii) to the barrier height
E, is also a function of the number density p,(7,p) through the
distance between atoms. Egi) is proportional to the heat of vaporiza-
tion [3] or the thermal energy at melting k3T, E) = El(f) + El(,ii) will
determine the correlation time of a two-particle positional correlation
function.

B. Characteristic Times ¢,, and 7,

For the situation E;(p,)/kpT% 1, the picture of an atom confined in a
cage is a good description. At the thermodynamic state (7, p,), an
atom has a probability e~ £+/ksT to escape its cage, the probability
of staying in the cage being evidently (1 — e~ £:(»)/ksT) The escaping
atom will move freely until it collides with another atom, just like
the molecules in a gas. The atom in its cage will jump to another
cage after waiting a time 7, with a thermal velocity of order
VkpT /M. Before its jump motion, the atom in its cage executes a
certain number of vibrations. The time #j,;,, needed for an atom to
jump from one cage to a neighbouring cage by a jump motion is
~r//kgT /M. The long-range jump motions in which the jump dis-
tances are longer than the average atomic distance r are neglected
for obvious reasons in a dense liquid. The amplitude of the instanta-
neous vibration A;, is about r. If we assume the activation energy
E;(p,) as the elastic energy of the cage, then the period of an instanta-
neous vibration may be estimated as ty, ~ r/M/E,. From the
Maxwellian velocity distribution, the waiting time ¢,, is

JORAY ksTM exp (Eb('o")). (D

" Eb(pn) kB T



07:52 28 January 2011

Downl oaded At:

300 M.-L. ZHANG et al.

For the alternative situation E;(p,)/kgT < 1, it is better to describe
the motion of a considered atom as being delayed rather than as
confined by a cage of surrounding atoms. The effect of such a shallow
atomic potential well of surrounding atoms is that the potential delays
the free motion of an atom from one potential well to another by
producing a negative acceleration. If ¢ is the time needed from one
atomic potential well to another with a negative acceleration due to
the shallow well, and ¢, is the time needed to move the same distance
in absence of the well, then ¢, = #; — ¢, will describe the effect of the
cage of the surrounding atoms. This characteristic time 7], is then in
order of magnitude

Z/ NI’M kBT_ kBT_% _ r (2)
v Ep M M M [ksT/M

If Ey(pn)/kpT < 1,1, can be simplified to read ¢, ~ r/(M /kpT)x
(Ep/2kpT) by expanding the second square root in the bracket
to order [Ej(p,)/ksT]>. The transition from a jump-like transport to
transport by free motion occurs when ¢, is close to the interaction
time d/\/kpT /M i.e., r(Ep2kgT) <d.

The correlation time of the two-particle positional correlation
function or the stress correlation function in order of magnitude is ¢,
for Ep(p,)/ksT % 1, and is ¢, for Ey(p,)/kgT<1. t,, and ¢, are crucial
in determining self-diffusion coefficient, viscosity and thermal conduc-
tivity of the monatomic liquids considered.

C. Shear Viscosity

In a liquid, there are three ways to transfer momentum (i.e. there are
three contributions to the viscosity): (i) the momentum transferred by
the internal force field of atoms in the liquid: in this type of momen-
tum transfer there is no accompanying mass transfer and we shall
denote the corresponding contribution to the shear viscosity as 7!;
(i) the momentum transferred by the free jump motion of the
atoms: we denote the corresponding contribution to the shear viscosity
by n}"™P; (iii) the momentum transferred by the free motion of the
atoms: the corresponding contribution to the shear viscosity being ™.
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For the last two types of momentum transfer there is accompanying
mass transfer. The corresponding contributions to the kinematic visc-
osity from the last two modes of momentum transfer are proportional
to self-diffusion coefficient Dy, . The force field part of the viscosity
relates to the two-particle positional correlation function. It is differ-
ent from the random walk contributions which are determined by
the single-particle positional correlation.

The correlation length & of the two-particle positional correlation
function, in order of magnitude, is just the distance in which a
disturbance is propagated in a waiting time ¢, for E,/kpT Z 1 (for
Ey/kpT <1, t,, must be replaced by ¢,,). Since the propagation velocity
of such a disturbance is the sound velocity voung, the correlation length
& relates to t, through & ~ vgounat,y for Ep/kpT %1 (or & ~ Vsound
t, for Ep/kpT < 1).

The atomic force field part of the shear viscosity 5, can be found
from a work-energy principle. For convenience of presentation, we
restrict ourselves to the case E,/kpT % 1: to obtain the corresponding
results for E,/kp <1, we need only replace ¢,, by #,. Let us consider a
small volume element of fluid with area S, and edge length &, with
another identical volume element close below. The mass m of such a
block of fluid is p,,S,£. The total force acting on the second block
due to the first block is equal to the number of atoms in the interface
multiplied by the force acting on one atom, namely (Sy/mfz) X
(E,,/rz)twé(avx/i)y). In a time interval ¢,, the work done by the first
block on the second block is a product of the driving force and the
displacement induced by that driving force, namely ((S},/nrz) X
(Ep/r)1,E@v,/ ) (Fy/m)t,, — &@v./d))t,,. This work partly gives the
second block kinetic energy while a part is dissipated as thermal energy
used to break some cages, with corresponding increase of entropy.
This is expressed by the following energy conservation equation:

S, Ey v\ /[F. v,
Sr by g = — 2 e
(nr2 r? s 8y)<m 5 8y> k

1 Fy vy : vy ?
= EpmSy%_(E ty — %-5) +77<W) (";:Sy)tw- (3)

This determines the shear viscosity 1, and can be used for arbitrary
ratio Ep/kpT. An analysis shows that E,t2/p,mr* 2 (1 4+ +/2)& is the
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condition to ensure that 5, is both real and positive. In this derivation,
the energy output from the second block to the block below it and
higher order effects are neglected.

If Ept2 ) prer® > (1 + V2), the second term on the RHS of Eq. (3)
will be much bigger than the first term, i.e., the dissipation is very
strong, the input energy being mainly used to break the molecular
cages. Under this strong dissipation condition, the contribution to
shear viscosity from momentum transfer by the force field is

-1
g Epty,

~p, 2|1 0w )
o G

For a liquid with large E, near to its melting point, the confinement
by the cage is much stronger than the influence of the external force in
any realistic accessible velocity gradient. On a length scale r, the single
atomic jump is a rare case when the external force is much smaller than
the binding force of the atomic cage. Then the motion of atomic groups
(several atoms) will be the dominant process. In contrast, according to
Eyring’s considerations, the work done by an external force changes
the activation energy of the atomic jump rate [3] in the nearest neighbor
atomic layer, the distance between two atomic layers being taken as r.
Maybe the best applicable range of the “two atomic layers’ picture of
Eyring is to those liquids where £}, is not too large but yet is still larger
than the atomic thermal energy k3T. The increase of entropy (i.e. dis-
sipation) in the Eyring model is realized in the relaxing of the jump
equilibrium along and opposite the external force direction [3].
Whereas in the present approach, the energy barrier height Ej is an
intrinsic quantity of the liquid, the effect of the external force is to
break the cage (i.e. to induce changes in microscopic states and to
increase entropy) in an accumulative way for a thickness & and an
action time ¢,,. The variation of E is reflected in the variation of &:
the correlation length & is just a measure of how many atomic layers
below a specific atom are involved in dynamic motions. Similarly,
the correlation time ¢,, which is also determined by E;, is a measure
of the sustaining time of the effect of the change in state of an atom
affecting other atoms.

If Ey2/pnmr* is not much larger than (14 +/2)&, the first term
on the RHS of Eq. (3) is the dominant contribution and this is
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the case of weak dissipation. The shear viscosity in this situation is
given by

- pm;§-2 + pm%-z 2Ebl‘2v
Ly Ly ,0m7TV4§’

s

the second term on the RHS being of the same order of magnitude as
the first term, the sum of the two terms in consequence being several
times bigger than p,,&/1,,.

Thus in order of magnitude, the shear viscosity is

2
Pmé
ng ~ n; ~ PmVsoundlw» (4)
w

in both strong and weak dissipation cases. Because 7,, p,, and vyound
are all accessible quantities for experiments, ¢, is easily determined
by Eq. (4). Then from Eq. (1) one can find the parameter E;, of the
cage model.

We can also characterize ¢,, through the adiabatic bulk modulus B,
and n,. B, 1s an accessible quantity, according to thermodynamics:
B} = B;! — (Ta3/C,), where o, is thermal expansion coefficient, C,
is heat capacity per unit volume constant pressure, By is the isothermal
bulk modulus. In fact Buy ~ pmV2 g ~ pm(£2/12). Combining this
expression with Eq. (4), we have t,, ~ ny/Buq.

For E,/kpT % 1, we may easily check nj'™P « nfield and pfree « pfield,
ngump and n?ee are not important for dense fluids. The viscosity pro-
duced by the atomic force field ¢ is dominant in the liquid.

To leading order in Ey/kpT, i ~ p2/3/MkpT exp(Ey/kpT)
[1 — (p,(47/3))(d/2)*17** which is not very different from Eyring’s
classical result n; o< p, exp(Ep/kpT) [3].

It is interesting to note that in the situation where E,/kgT <« 1, by
calculating 7, to order of (E} JkgT)? (to the first order of E,/kgT, 7,
is zero), the force field contribution to the shear viscosity is given by

M 4t (d\? -
T
i ~ Byl /@—T[l“’"?(zﬂ | ”

The jump contribution to the shear viscosity is nl'™ ~ E,p2/3

VM /kgT(1 — Ep/2kgT) to first order in E,/kpgT, and hence
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nivmP « il The free motion contribution to the shear viscosity
is nfree ~ (VkpTM /nd*) exp(—Ep/kpT), and therefore (nfree/pfild
~exp((—Ep/kgT) (kT /Ep)([1/pn—(4/3)(d/2)'V J7ed?). n'ree becomes
comparable with or surpasses 74 in some situations. 5> pficld

means in fact a gas-like viscosity.

D. Thermal Conductivity

Just as for shear viscosity, according to the cage model there are also
three contributions to the thermal conductivity: (i) energy transferred
by the free motion of particles; (ii) energy transferred by jump motion;
(iii) energy transferred by the atomic force field. The free motion con-
tribution to the thermal conductivity is ™ ~ kz(\/((kzT)/M)/md>)
exp(—Ep/kpT), which satisfies «™¢ o pff¢C,,, where C,, is the heat
capacity per unit mass for constant pressure. For Eg/kpgT % 1, the
jump contribution to thermal conductivity is "™ ~ kp((p}/3)/
(tw + fump))(1 — exp(—E,/kpT)); for E,/kgT <1, the corresponding
result can be obtained just by substituting ¢,, by 7, in the above expres-
sion. The jump part of the thermal conductivity also satisfies
KU o piump

The force field contribution to the thermal conductivity can be
estimated from an energy balance argument: the energy transferred
by the molecular force field to a place distant from the interface
equals the difference between the input internal energy and the
energy used to raise the temperature locally.

Let us consider a block of fluid with cross section S, (perpendicular
to x axis) and length &, in its right hand side, and a close neighbor as
another identical fluid block. To set up a temperature gradient 37/0x
along the negative x axis, the required input energy in a time interval
ty 18 1,S<q.=t,S\ k(dT/dx), where ¢, is the heat flux along the positive
x direction and « is the thermal conductivity. A part of the input energy
is transferred to a distant place and the remainder is used to raise the
temperature locally, the energy balance condition being

OT , SkstOT/0x) % ©)

oT
ty S X = Pm Sx Cm
k= (P S ) Cnk o

The first term on the RHS of Eq. (6) is the energy used in raising the
temperature in the second block, the second term on the RHS of Eq. (6)
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being the thermal energy transferred by the force field to a place far
from the interface between two blocks. After some simplifications we
obtain the thermal conductivity « as

%-2
— G+ kg [22 7
£=h tw+ Bar\Mm )

It is easily verified that for both E,/kgT %1 and Ep/kgT < 1, the
second term on the RHS of Eq. (7) is much smaller than the first
term. The empirical relation x4 o yfieldC,, is recovered. All the com-
ments concerning the relative order of magnitude of 7™, ™ and
nield are applicable to k¢, U™ and ¢ in corresponding situations
E,/ksT %1 and E,/kzT<1.

To obtain the thermal conductivity in the liquid state, Eyring et al.
made the following substitution (lys — 75 V5 | — vif;ﬂ) in the
thermal conductivity expression for a gas, where /g, is the mean free
path of gas. Their result iS kgying = memrvlS‘g;ﬂ, where v?gﬁ:}% ~

[1 — pu(4m/3)(d/2)°]'*\/ksT/M [3]. The present result is
K= pnm Cmévlfl‘:rﬂ. Since instead of the correlation length &, the distance
r between atoms enters into Kgyring, the force field effect is only partly

taken into account in their expression for the thermal conductivity.

III. ALKALI METALS

Due to the long-range character of the Coulomb interaction and the
screening effects, two characteristics of liquid metals such as Na are dif-
ferent from insulating liquids (e.g. Ar): (i) the size of an ionic cage is
about a7r (the Thomas-Fermi screening length), rather than the cage
size in an insulating liquid where it is about the average distance r
between atoms; (ii) in the same reduced temperature 7/7,,, the ratio
E,/kpT of the energy barrier height E, to thermal energy kgT for liquid
alkalis is smaller than Ej/kgT for most monatomic insulating liquids.
(1) and (i1) will produce some special behavior of the transport coefficients
of liquid metals compared with the insulating liquids discussed above.
Since we expect the excluded volume effect of an ion in a liquid alkali
metal to be small, the correlation time of the two-particle correlation
function will be largely determined by the screened Coulomb inter-
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action alone. The single-ion waiting time (¢,,, say) within a cage is just
the correlation time of the positional correlation function between two
different particles. Since the interaction range in liquid metals is the
order of the Thomas—Fermi screening length a7 and the characteristic
velocity of anionis v, . ~ /kgT /M with M the ionic mass, two ions

: . ST, . N i
will lose their correlation in a time ¢, ~ arr/Viermal-

A. Shear Viscosity

Local electrical neutrality allows us still to regard a liquid alkali as a rela-
tively hard sphere liquid in a time scale larger than a)p‘1 where w, is the
electronic plasma frequency and a length scale larger than atomic radius.
Some empirical evidence exists which supports such a viewpoint: the
ratio of the Ornstein—Zernike direct correlation function at zero range
to the value at zero wave number is near to the corresponding ratio
for a hard sphere liquid [7] (Table I). The empirical law of ‘reduced fluid-
ity’ in alkalis Na, K, Rb, Cs (Fig. 1) is qualitatively explained by Eq. (5),
the corresponding hard sphere result for Ep/kpT < 1.

Evidently, a liquid alkali metal is a two-component system: ions and
electrons. The momentum transfer comes from the motion of indi-
vidual electrons, the motion of individual ions and the force field of
their mixture. The first two contributions are accompanied by the
corresponding mass transfers and are much smaller than the last
contribution. We first estimate the momentum transfer by indivi-
dual motion of the particles. The local electrical neutrality condition
ensures that the average velocity of electrons is related to the average
velocity of ions*. If a block of liquid metal has a velocity v, the

TABLE I Values of Ornstein—Zernike direct correlation
function ¢ at r=0 and k=0 for liquid alkalis near
freezing points (after [7])

Liquid metals —c(r=0) —c(k=0)
Na 43 41
K 42 40
Rb 45 42
Cs 50 38

*Note added on proof. See also the Bohm-Staver formula given later.



07:52 28 January 2011

Downl oaded At:

CAGE MODEL FOR TRANSPORT PROPERTIES 307

18 T T T T T T T
L' ©
- . 'Na' + ]
16 N 3
"Rb’ x
14 b Cot A
12 |- @xﬁf‘AXA -
10 - d@fi i
0T MV~ B%né +
8+ jaXS .
o 7
o
6 5 0 ° © .
Nax 0O o
w0
4 ot o n
ofe ©
°
2 Fo .
0 1 1 1 1 L 1 )
1 1.2 14 16 18 2 2.2 2.4 2.6
VT/Tm

FIGURE 1 Reduced fluidity /7, MV,, > /i versus «/T/T,, for liquid alkalis, where
Ve = pi (T,y). (after [7])

momentum current transferred by the electronic individual motions is
n.(kgT/Er)(m, v)vp, the momentum current transferred by the ionic
individual motions is n;(M v)v;, the ratio of the former to the latter is
Zvi/vrp < 1, where for v; we take the thermal velocity of the ions.

The momentum transfer by the force field in a liquid metal has
some new characteristics which are different from those of a mona-
tomic insulating liquid. However, these corrections are small compared
with ~ p,,Vsounatw- The long-range effective attraction between ions
has been subsumed into Ej,. Here we consider another attraction due
to the instantaneous dipoles produced by the deviation from local
electrical neutrality. The relative displacement of two blocks is
&(v,/dy)t,, in the interface of two blocks each atom has a induced
instantaneous dipole (v;/vp)&(dv./dy)t,,Ze, where the factor v;/vg
gives the deviation from local electrical neutrality. The electric field
by this dipole at a distance azy is about (1/4meo)(1/a>p)(vi/vE)é
(dvy/0y)t,Ze], so that the force acting on the electron cloud in the
second block by one interfacial atom is in order of magnitude
(1/4me0)(1/ a1 )(vi/vE)E(dvy/dy)tw Ze(en ary), where the screened
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Coulomb force acting on a range ~ a7 is not like the short-range force
which evidently only acts on the nearest neighbors. Here we have
neglected the force acting on the ions, since if we apply a similar
force in an equal time interval to two different masses, the kinetic
energy obtained by the body with the larger mass is smaller than the
body with smaller mass: E;/E,=my/m;. The ion in the second block
is drawn through its surrounding electron cloud in the above instanta-
neous dipole mechanism.

The number of atoms on S, is ~ Sy/rrrz, and the total force by the
atoms on S, acting on the second block is Sy/ﬂrz[(l/47180)(1/a3TF)x
((vi/vr)E(dvy/dy)twZe)(en.ary)]. The displacement of the second block
is ((Fy/m)t,, — &@v,/oy)t,, where m = p,,s& is the mass of block and
F, is the force acting on the first block to keep a velocity gradient
(vy/3y), (F\/S,)=n(dv./dy). The work done by the first block on the
second block due to the electrostatic force by the interfacial induced
dipole when the second block moves relative to the first block is
given by (S/mr)(Ze n /4meo)(vil ve)(3vy/0y)1,) E((nty] pE) — €. The
total work done by the first block on the second block is a sum of
this work of interfacial instantaneous induced dipoles plus the work
done by the binding force of the ionic cage (coming from Ej). To
obtain the corresponding formula for a liquid metal, we need only
make the following substitution in the expression of insulating liquid:

Ey2, N Eyty, 1 Zen, (&) z
Epmmrt Eppumrt T wr? 4dme Eom

VF

We have estimated various contributions to the momentum transfer:
the force field part, the electronic part and the ionic part. The force field
part of the shear viscosity is dominant. The shear viscosity can be
written as n; ~ Mn,'vgoundlw, where 7; is the number density of ions,
Vsound 18 the sound velocity. veoung in the liquid metal is determined
by the Bohm-Staver formula: vr /Zm,/M, where vy is the Fermi
velocity of the electrons, m, is the mass of an electron and Z is the
number of valence electrons in an atom. Substituting ¢,, and vsyung

into the expression of n,, we have

—12 273
ns(T,ny) ~ (Zn)**/ MkyT,, (l) [M} Y ao(Zn)'",

T, kgTy
®)
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where ag is Bohr radius of hydrogen atom and T7,,, is melting tempera-
ture. Eq. (8) gives a natural explanation for the empirical law
ns o< /1/T presented in Fig. 1 for the shear viscosity of Na, K, Rb,
Cs in a rather wide temperature range from 7,, to 2.6 T,,,.

The thermal conductivity from the molecular force field also needs a
similar correction:

|E k T 1 Vi
K = pnC " +kB_ b +kB - L thcrmal.
r Vi

B. Scattering of Electron-Ionic Density Fluctuation, Electrical
Conductivity and Thermal Conductivity

The electrical conductivity from ions is much smaller than that from
electrons. In various contributions to the mean free path of electrons,
the electron-ionic positional fluctuation scattering plays the most
important role in reducing the mean free path and is the main
reason for the observed resistivity. The electrical conductivity o of a
liquid metal is

~ e T) M P2 () ©)

¢(q) being the Fourier transformation of the free energy of the ionic
density fluctuation. (¢(q)) is an average over wave-vector ¢. The elec-
tronic part of the thermal conductivity in a liquid alkali metal is also
dominant (see the Appendix):

i~ P TY V22713 MV (p(g) ks, (10)

Experiment shows that there is an intimate relation between thermal
conductivity « and the shear viscosity 7, in liquid metals: in a wide
temperature range 400-1500K and fixed pressure ~ 10 MPa, «/n;~
1.10-1.27 for liquid Rb and «/n,~ 5.38-8.49 for Cs (Table II).

Comparing Eq. (10) with Eq. (8), we have

o\ 17232

n}/ﬁM—lz—”/é(qb(q))(e—) m%
&0 )/

(11)
s
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TABLE II The ratio of thermal conductivity to shear viscosity for Rb and Cs (after [8])

Rb Rb Cs Cs
T(K)  p,Kgm™)  (/n)I0°KgJK™"  p, (Kgm™)  (k/n)10*KgIK™'
400 1452 1.10 1791 5.38
500 1411 1.13 1738 5.93
600 1370 1.15 1685 6.54
700 1328 1.19 1630 7.16
800 1286 1.23 1575 7.76
900 1242 1.25 1518 8.14
1000 1198 1.27 1461 8.49
1100 1152 1.27 1401 8.39
1200 1105 1.25 1346 8.18
1300 1056 1.21 1277 7.86
1400 1005 1.17 1211 7.19
1500 752 1.12 1140 6.52

Equation (11) indicates that for a specific element, k/n, is a tempera-
ture-independent constant and is weakly density dependent (~ nl' / 6).
This is consistent with observations. On the other hand, Eq. (11) sug-
gests that /5, strongly depends on ionic mass ~ M~'. The mass ratio
of the Cs to the Rb atom is (Mcs/Mgyp)~ 1.55, therefore Eq. (11)
gives ((k/ng)rb)/((k/n5)cs) ~ 1.55 if we neglect the weak dependence on
the number density #n,. This is close to the observed «/n, ratio Rb and
Cs: ((k/n5)rb)/((K/05)cs) ~ 1.50-2.04.

We may obtain a relation between electrical conductivity o and

viscosity n by comparing Egs. (8) and (9):

3
Ns ~1/6 11/6 1 eo\/2 I
oMoz e (20T 12
ksTo " &) (12

where &g is permittivity of free space. For a specific liquid alkali, the
RHS of Eq. (12) has no dependence on temperature and is weakly
density dependent. For different elements, both mass M and valence
Z dependences are strong.

In fact Eq. (12) is a direct consequence of two experimental laws:
Eq. (11) and the Wiedemann—Franz law «/o~ (kpT/e*)kg. It is
common knowledge that the Wiedemann—Franz law does not depend
on the concrete scattering mechanisms of the electrons provided that
in both thermal conductivity and electrical conductivity the electronic
part is dominant: «/o ~ [(n.(kgT/EFp)kptvy)/(n.e*/m)t] ~ [k3T /€],
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where ¢ is the collision interval of electrons whatever the type and
number of the scattering mechanisms. For liquid simple metals,
k/o ~ (kgT/e>)kg is well satisfied (Table 7.1 of [11]). However
Egs. (9) and (10), and therefore Eqgs. (11) and (12), rely on (i) the
electronic contribution dominating both the electrical conductivity
and thermal conductivity; (ii) the main scattering mechanism being
the electron-ionic positional fluctuation collisions.

C. Surface Tension and its Relation with the Shear Viscosity
at the Melting Point

The repulsion force suffered by an ion from other ions in a range azr
is ~ ((Ze)*/(4meoa%y))(niary) when the system is compressed near to
the equilibrium configuration. An equal and inverse attraction force
exists when the system is expanded. Let us pull a line on a surface
of liquid alkali with length L perpendicular to the direction of line;
the total force needed on this line is just (L/r) (1 —exp(—Ep/kgT))-
((Ze)?/(4neoasp))(niasy), where r is the distance between the atoms
and L/r is the number of ions on this line. At temperature 7, the
occupation probability of an ionic position is 1—exp(— Ey/kzT),
only the occupied positions contributing to the attraction. From
its definition, the surface tension y is ~ (1 — exp(—Eb/kBT))((Ze)z/
(471’80))}’1?/36171:. For a liquid alkali metal whose FEp/kpT < 1,
y ~ ((—Eh/kBT)(Z€)2/47T80)n?/3a7"17). The shear viscosity can be
written as Ng ~ pm(’g‘z/lw) ~ n; Mvgound(an/\/(kBT/M) ~ niZEp(an/
J(kpT /M). Therefore, the ratio between surface tension y and shear
viscosity 7, is

Ns kB T Vz M

sound

2 1/3
Y _ Eb (Ze)'n;"” [Ameg M kBT' (13)

For an insulating liquid whose E;/kgT <« 1, the shear viscosity
is 1y ~ (Ep/kn T)p2*NEsTuM(T/ Tn) "' P[1 = (pu(ds/3)(d/2))'] . I
we combine this n, at melting point 7,,, with the Andrade [12] relation
s(T) ~ constant x p2/*kpT,,M (p. 152 of [8]), then E,/kzT,, is
universal at melting point for simple metals. The second factor on
RHS of Eq. (13) (the ratio of Coulomb energy to Fermi energy) is
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TABLE TII (16/15) (y/nyvr) and  (16/15) (v/ngVsouna)
(after [9,10])

Metal (16/15) (y/nsvr) (16/15) (v/15Vsound)
Li 1.01 1.6
Na 0.83 1.2
K 0.83 1.2
Rb 0.78 1.2
Cs 0.78 1.0
—1/3

weakly density dependent (~ n; /~); we may expect the product of these
two factors of Eq. (13) to be nearly constant. Both the Egry relation
y/ns ~ kT /M [9] and the Alonso—March relation y/n;~ Vsounda
[7,10] are in quite reasonable agreement with experimental observa-
tions at the melting point 7,,,. Eq. (13) is in some sense intermediate

between them (Table III).

IV. SUMMARY

We have here used a cage model to estimate transport coefficients for
both monatomic insulating liquids and the liquid alkali metals.
A work-energy principle is adopted to make the transported part and
the dissipated part the input energy more clear for both n, and «. The
force field contribution is explicitly characterized by the correlation
time of the two-particle positional correlation function (waiting time
t,, for Ep/kpT % 1 or characteristic time ¢, for E,/kpT<1) and the
correlation length & (through ¢, and sound velocity veoung). For
Ey/kpT % 1, we have obtained similar results to the classical Eyring
method. This is consistent with the fact that the Eyring model is the
strong dissipation limit of the present treatment. The minor differences
concerning the temperature dependence of 5,, and the difference in «
between the two models remains to be clarified by more experimental
data, when this becomes available.

The liquid alkali metals belong to the regime in which E,/kzT<1.
Three empirical laws: (i) 5, o 1/+/T for alkali metals; (ii) «/n, ~ con-
stant for Rb and Cs respectively and (iii) y/ns ~ /kgT/M for
simple metals at melting point, are naturally explained.

Making use of partial structure factors in the liquid metal (Chapter
14 of [11]) affords a more rigorous approach by means of which to
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formulate the transport problems in the two-component systems like
the liquid alkali metals. The results of the cage model presented here
may supply some useful information for the dynamical generalization
of such partial structure factors and aid in making suitable approxima-
tions in wave vector space. Such work is currently in progress.
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APPENDIX

Electron-lonic Density Fluctuation Scattering
Mean Free Path of Electron under Born Approximation

In a dense liquid metal, the electron-ionic density fluctuation scatter-
ing is the main scattering mechanism to determine the mean free
path of electrons. A two-component treatment in term of partial struc-
ture factors was suggested by March and Tosi [11]. To directly relate
the mean free path /, with intrinsic material parameters (Z, M) and
external conditions (n;, T), we mimic the famous critical opalescence
consideration modeling the collisions between the electronic de
Broglie wave with the ionic density fluctuations. Since the typical
interaction range in liquid metal is the Thomas—Fermi screening
radius arp, we divide the whole liquid metal into many small parts,
each cell having volume a3

In the critical opalescence case, the light wavelength is much bigger
than the distance between molecules, the effect of the motion of the
individual molecules is not obvious, only a spatial average about the
corresponding spatial density fluctuation in cell being necessary.
However, for the electron-ionic density fluctuation scattering in
liquid metal, the wavelength of electronic de Broglie wave is of the
same order of magnitude as the average distance between ions, is
smaller than azr. The ionic motion therefore strongly influences the
scattering potential of the cell: some kind of time average must be
included to take care of the ionic motion. We include a factor ¢,,/t, in
the scattering cross section, where 7, ~ arp/vp is the time needed for
an electron to cross the scattering cell. In fact 1/f,~w, and

1/t ~ V (kB T/ZEF)U)[P ~ Vihermal/ Vsound @WIPs where

wrp =/ (Zé’)zni/é‘oM

is the ionic plasma frequency. The scattering cross section A between
electron and a cell evaluated in the Born approximation is
A@q) ~ 2 /I V@ (05 Vierma) @ (kT /$(@)), where V() is the
Fourier transform of the scattering potential from the ath ion. Since
all the ions are equivalent in a pure liquid metal, we neglect the
index @ on Vy(q). ai-(kpT/$(q)) is the correlation of the static
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number density fluctuation in each cell with wave number ¢ [13], while
¢(q) is the Fourier transformation of the free energy change due to the
density fluctuation.

The mean free path of electron is given by

EF 1 ~ EF h4 (¢(q)> Vthermal
ksT neend — kgT m2(|V(q)|*VkpTvr (A1)
~ (kgT) M2 Z " ni(p(g))

~
e

where ne = a}% is the number of cells in per unit volume. We have
taken an average for both ¢(g) and V(g). The Heine formula for the
effective electron-ion interaction is z/v(0), where v(0) is the density of
states per unit energy per unit volume at the Fermi surface [13]. We
have used this result in the last step of Eq. (Al).

Electrical Conductivity

The electrical conductivity o, due to electrons is

el ZnkgT) 2 (@(k)) hte
me v VM (VP m (A2)
kg T) P MPZ 1 (p(g)) e

To give an upper limit for the ionic electrical conductivity, we
imagine that the increase of the electron density ahead of the ion is
made up from the decreasing den51ty behmd it. Then the upper limit
of the total force on an ion is ZeE where E is the strength of electric
field [14,15]. The upper limit of the ionic electrical conduction o; is
(n;(Ze)*/ M) t;, where 1, where t; is the collision interval (or mean
free time) of ion, about r/\/kgT /M. It follows that o; ~ (nz/S(Ze)z/
VkgTM). Comparing with Eq. (A2), we find that, even in the minimum
conductivity limit I, ~r, (0;/0.) ~ Z(PF //MkyT) <« 1. Therefore, the
electrical conductivity mainly comes from the electronic part.

Thermal Conductivity

In a non-degenerate plasma, the density of ions and electrons is
very dilute; hence the collision probability is very small. The mean
free path of electrons and ions is much longer than the range of the
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interaction, so that an ion meeting an electron is a rare event. In a
liquid metal, the concentration of electrons and ions is so large that
local neutrality is satisfied very well in a length scale of the order of
the ionic radius. Then the separation between the electron cloud and
ions is very small. We assume that the local energy exchange between
electrons and ions in a distance of a Bohr radius is very fast, since in
this range, an electron is easily captured into and released from an
individual ionic well. This is in marked contrast to the dilute
plasma, where the energy exchange is very slow due to the huge differ-
ence electron and ionic mass.

For liquid metals, the dominant contribution to thermal conductiv-
ity comes from the free motion of electrons. By means of Eq. (A1), the
thermal conductivity due to the free motion of electrons is given by

; KT oLy Znikg  ¢(k) h*
K(’N e~ e e )
er DT U MKsT \V(g))P m2 (A3)

~ kg T) P27 M (@) k.

The thermal conductivity due to the ions’ free motion is of order
ni{3kp)lyv;exp(— Ey/kgT), where the mean free path of ion /~r (the
average distance between ions). Since all the degrees of freedom of
ions are excited in a liquid, the heat capacity per ion is 3kp. The
thermal conductivity contributed by the ions’ random walk (jump
from one cage to another) is n,—(3kB)(r2/(t‘,1,.+ljump)[l —exp(— Ep/
kgT)]. The ratio of the ionic thermal conductivity to the electronic
part is (ki/k.) SZ W(Er/ksT)(vi/vr). Even in the worst case
l, ~r~1[;, for all the liquid metals (Er/kgT) <30 and (v;/vg)~ 1073,
the electronic part of thermal conductivity is always dominant. The
force field part of the thermal conductivity i} is«} ~ PnCon(E /1) ~
ni(3k3)v§ound(aTF/w/kBT/M) in order of magnitude. The force field
part of thermal conductivity is smaller than the contribution of the
free motion of the electrons: (k}/k.) ~ (Er/kgT)(pr/kgTM) < 1.

To conclude this Appendix, we draw attention to the interest in
developing the present approach to throw further light of the processes
of electro- and thermo-mistration (14]-{16]).



